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We consider here certain cases of motion where we supplement the Newtonian force field 
with additional foices making the equations of motion integrable in closed form. 

1. in deriving the equations of motion we begin from the system 

@rldt2=-kr/$+F (k = coast, r = 1 r I) (1.1) 

with the initial conditions 

r = rO, dr / dt = r,‘, t = t, (1.2) 

Here r is the position vector of the material point M of unit mass; F ia the force supp- 

lementing the Newtonian force. The center of attraction is in the point 0. 

We consider here the plane motion. The force F is in the plane of motion. Let us intro- 

duce the polar coordinate system r, 9, with the pole at the point 0, where up is the angle 

meaclnred from a certain stationary direction. 

In oar polar coordinate system the equations (1.1) take the form [l] 

. . r - rq’ = - k/G -J- F,, rp” $- 2r.q~’ = Fq (r’ = dridt) 

with the initial conditions 

(1.3) 

r = ro, r’ = r @, cp = To, q’ = To’, t = to (1.4) 

Here F, and FT pe the components of the force F along the direction r and 9,, respec- 

tively. Let nsintrodnce the quantities cz and fl which are the ratios of the components of 

F to the Newtonian force 

a = F,r2k-l , fl = F,r2k-l (1.5) 

We ahall change the variables in the equations (1.3) setting 

u = $cp’zk-’ - 1, v = r’+‘cp’k-’ (1.6) 
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and introducing the new independent variable cp . 

From (1.3) and (1.6) weobtain for II and u the following system of equations 

du/dq= - v+ 2$, dv I dq = u -I- a + flu I (1 -I- u) (1.7) 

The above system is very convenient if we want to apply approximate asymptotic 

methods. Let us introduce additional variables x and y 

z = /@@-a, Y = r’r-v-1 (1.8) 

Using the system (1.3) we find for x and y a system of equations where cp is the inde- 

pendent variable 

dxldq = xy - 2$xa, dy ldq = 1 - x (1 - a) - @Y + d (1.9) 

The variable y has a simple geometrical meaning, y I cot 8, where 8 is the angle bet- 

ween the vector r and the velocity r: The variables u, u and x, y are simply related by 

u = x-1 - 1, v = yr’ (1.10) 

When the systems (1.7) and (1.9) areintegrated the solution of (1.3) can be found by 

quadrature. Let us consider several special casea. 

2. Suppose that the components of the supplementary force are 

F,=m$+., m = const 

Here o (x) is an arbitrary integrable function of x. 

The equations (1.9) have the form 

dx dy -= dT q - 2myx2, - = 1 - x (1 - 0 (x)) + ya (1 - 
@ 

and their common integral is 

Let US find a solutionof a special case. The equations (2.2) have 

tion 

x = 0.5 m-l, y = 2g tg g (cp + CA ga = 0.25-0.125 m-l (1 - 

Integating (1.8) we find 

r = ct (ya Ji 4g2) = 4Cag2 cos-2g (rp + C,) 

(2.1) 

(2.2) 

(2.3) 

the particular ooln- 

0 

t = 88 ~0.5’~~k-1m-1 (0.5 sin (cp + C,) COP g (cp + CJ 

+ 0.5 lntan(0.5 g (cp + C,) + 0.25 n)) ’ 

Motion takes place on a developing spiral possessing an asymptote. 

motion similarly when the right-h&d member of g’ is negative or zero. 

(0.5 m-9) (2.4) 

+ (2.5) 

We investigate the 

The equations (1.3) are integable in terms of elementary functions in the special case 

m = 0.5, 0 (x) E 0, c=--l, %# 1, Yo # O 

Yl? (1 - 5,) + 1 - 2X, f x0* = 0 (2.6) 

3. We consider the special case of the supplementary function F 

Fr = kr-3 o (cp), FV = mr(P’a, m = Cotit (3.1) 
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Hers o (cp ) is an arbitrary integrable function of rp. 

The eqaationa (1.7) become 

duldg, = 2mu - v -j- 2m, dvldq = u -f- mu + w (v) (3.2) 

and are integrated in clo#ed form as linea; nonhomogeneous equations with constant coeffi- 

cienta. We ahall carry ant the integration in the simple case 

0 (cp) = 0, 
2m 2m” 

v = 1$.2;;;mT, 1‘ -L - I__ 
1 -/- 2rd (3.3) 

From (1.6) we find the values of r and t in termsof c~ 

d (In r) = [ v/(l + U) j dq = 2mdq, r = c,po 
(3.4) 

$2 = k (1 + u) r+, t = 1/Cls (1 + 2ma) k-l (3nz)-’ e3mp $ CT: 

The motion ia along a logarithmic apiral. We can prove, in general. that the stationary 

pointa of the syetems (1.7) or (1.9) correspond to a motion of the point M along a logarith- 

mic spiral. 

4. We ahall consider the case of the supplementary force 

F, = !L?$A - Hp.=, 
kmcp’ 

F,=. 
i-P 

(4.1) 

where the nambera n and m are aaaumed to be arbitrary. From the equations (1.9) we have 

dy -= Y (z (n - nl) + Y*) ---_ 
dx xy2 -- 2n12” 

(4.2) 

The aabntitntion II = y: makes the above eqaation homogeneous. After the integration 

we obtain the integral of the equation (4.2) 

z-ay-2m/n (Snx _+ y2)(m+7vln _= qL! (4.3) 

The equations (1.3) are completely integrable in the interesting case 

m > 0, n ;= - m, x-a y-2 z CT‘", c, > 0, y ; cg- (4.4) 

The first eqnationin (1.9) becomes 

dx 
- = 2: (X9 - xs), 
dy 

a = (CL2 (2m)-‘)‘l’ 
(4.5) 

From (4.5) we find 

x2 - xx _t k2 
(x - ?b)2 

+ G (4.6) 

From equations (4.4) and (4.5) it follows that with increasing q~, x and y approach the 

constant values 
x -+ A, y = C,L-‘, cp*‘=Q (4.7) 

The trajectory of the point M will approach the logarithmic spiral 

r = C exp {C,A-Bq} (1 -+ 0 (1)) ((P -f =) (4.8) 

Taking x a* the independent variable we integrate the equations (1.8) 

1 
r = c@ @,a _ &/J ’ 

(4.9) 

Eliminating cp from (4.6). (4.9) and allowing z ---t 1 we can find C in (4.8) 

c = c,3-” exp (- 7( / 8 1/$) (4.10) 
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5. If in equations (1.9) the quantities U, fl have the form 

a = 1 + a + byzx-1 - x-1, p = my-’ (a, b, m = cob) 

then the equations (1.9) have the integral 

(5.1) 

($)’ (23 + (28 + 1) $)‘+ = C , I=_:, ,=a+m(*++) 

a (28 + 1) 

If in equations (1.9) we set 

a = 1 + ~-QJ~x-’ _ x-1, p = const, m = const (5.3) 

then weobtain the integral of the system (1.9) 

ZCy-’ (YX-’ + Sm)2+m = C (5.4) 

A suitable choice of constants in (5.1) and (5.3) enables us to integrate the equations 

(1.3) to the very end. For pxample let m = -2 in (5.3). Equations (1.9) then become 

dxldcp = xy - 2fix2, dyldq = - y2 - pry (5.5) 

and have the obvious solution 

z = I%@ + Cl]_‘, y=o (5.6) 

From (1.8) we find r and t 

r = rO = const, t = vr,3k-’ fk* (2& + C,) (5.7) 

Motion takes place on a circular orbit. The radial component of the supplementary 

force F, equals 

F).= !ir,-2 (1 - c, - 2flq) (5.8) 

6. We consider here the particular caseof the supplementary force F 

k 

where u and v are determined by (1.6). and o (u, v) is an arbitrary function of a and u. The 

equations (1.7) can be integrated in closed form. We shall find the solutionin the special 

case 
Fr = akr-2, F,= ‘lz r’(p’, a = const 

(6.2) 

From (1.7) we find (6.3) 
U-= c,, v = atan(@ + C?); a2,= 2 (C, + a) (1 + Cl) > 0, b = 0.5 a (1 + CJ-’ 

From (1.6) we find the expression for r 

d (In r) = [vi (1 + u)] dv, r = C3 ~0s~~ (bq + C,) (6.4) 

This trajectory coincides with the trajectory given by formula (2.6). The time t is 

determined by a formula similar to (2.5). Motion takes place on a developing spiral. Besides, 

for F ‘, we can find an expression in terms of 9 

I:, == 0.5 xa C,-” sin (brp f C,) COS’ (bq i CJ (6.5) 

Approaching the asymptote, when IK+ + C, -_j I/? ;I, the component Fq +O. 

7. Here, the dependent variablesin (1.3) will be 

u =z r-1. p = ‘“‘p’” (7.1) 

and the argument is the angle d. 

C2l 

We find the equations for u and p which coinci.le with the equations (2.2) in reference 
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Further on new cuemof intepbility of equationa (7.2) are described. 

8. Let the supplementary force be in the form 

pr = T (9) r-*r F, = 6 (9) r-8 

where the functions y ( Cp ) and 8 (,cp ) are related by 

(8.1) 

d6 ((P) 
7 of9 = F - 2 

es 049 
-- - P (cp)l 
P ((PI P(CP) = 2~W)dq 

(8.2) 

The l econd equation in (7.2) takes on the integrable form 

d du 

x dq I 
-+BU]=p+ (8.3) 

Conmeqaently, the system (7.2) is integrable in closed form. If p (q) in (7.2) is 

aamumed to be premcribed and if we Bet F, = 7 (9) r*, and F, - 0.5 r-” dp / dq, then the 

second equation in (7.2) becomes 

(8.4) 

We can choose a suitable function p (q~) to make the equation (8.4) integrable. 

By selecting l uitable arbitrary functiona and constants which appear in the expression 

for the anpplementary force, we can use the casea already inveotigated to examine new 

casen with different supplementary forcea and investigate various motions approximately. 
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